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Definition

Definition of Chi-square distribution

e Chi-square distribution is fully determined by one parameter
called degree of freedom v, denoted as x2.

e Chi-square distribution is a special case of Gamma
distribution.

X2 = Gamma(v/2,2)

e If X ~ X2, then the pdf of X is

2v/21 (v /2)

L w/2)"le=x/2  jf x>0
f =
(x) { 0 if x <0
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Definition

What is the connection with normal random variable ?
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Definition

What is the connection with normal random variable ?

Proposition
If Z ~ N(0,1), then X = Z% ~ 2

Try!

e If given X ~ N(u,0?), can you define a random variable that
follows chi-square distribution?

e If given random sample Xi,..., X,, can we define a random
variable that follows chi-square distribution using X7
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Definition

Proof:
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Definition

Properties of Chi-square distribution

O If X ~ X2, then E(X) = v;
A If X ~ 2, then V(X) = 2v;
e If X1~ X12/1 and Xo ~ X€2 and X; UL X5 then X7 + X5 ~ X12/1+1/2

O If X3 =X+ Xo, with X1 ~ X12/1’ X3 ~ Xz2/3 , v3 > 11 and
X1 AL X then Xp ~ 2,
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Definition

Corollary
If Zy,...,Zy are iiid and Zy ~ N(0,1), then X = Y"1 | Z? ~ 2.

Remark. This is an alternative definition of x2 when v is an
integer.
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Distribution of Sample Variance

Sample variance

e In previous lectures we have defined the sample mean X. If
we have a random sample X1, ..., X, ~ N(u,c?) then we

have that X ~ N (M, U)
n

e Now, we define the sample variance
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Distribution of Sample Variance

Theorem: Let a random sample Xi, ..., X, ~ N(u,c?), then

(1] )_< ~ N(:“’? 07,,2)
® X and S? are independent

—1)52
(3 (o] 02) ~ ngl
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Distribution of Sample Variance

Scratch proof

Note that if Xi,..., X, are i.i.d with X; ~ N(u,c?), then we have

X-p ..,X" £ are i.i.d standard normal rv's.

Also, (=D — 5o (XX g really close to 307 (K42
(n—1)S?

— x2_; we need the following two
o

To prove that
results:
o If X1,..., X, ~ N(u,0?) is a random sample then X I S2.

o If X3 =X1+ X5 with X3 ~ Xal, X3 ~ X%y vz > vq and
X1 1L X5 then X5 ~

XV3—V1
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Definition

Definition of t - distribution

o If Z~ N(0,1), X ~ x2 and X Il Z then

z
T=" 1~

/X
v
e The above is called t-distribution with v degrees of

freedom.
e |t is also known as the ” Student’s t distribution”
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Problem

Question

o If X1,..., Xy~ N(i,02) a random sample, can you find the
distribution of
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Proposition
If X1,...,X, are i.i.d with Xy ~ N(u,0?), then

V(X —p)
S

~ th—1.
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Definition of F distribution

o If X1 ~ Xﬁl, Xy ~ X32 and Xj 1L X5 then:
X1
v
F = 712 ~ Fuy v

V2

e The above is called F distribution with v; and v, degrees
of freedom.
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Problem

Question

@ If a random variable U ~ t, can you find the distribution of
vV = U??

® Suppose we have a random sample of size m from normal
distribution N(11,0%), and an independent random sample of
size n form normal distribution N(yi2,03). Denote S? and S3
as the sample variance from each group. What is the

distribution of 12/01 ?
S3/o5 "
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Proposition
If X1,...,X, are i.i.d with Xy ~ N(u,0?), then

X — 1) 1)’ ~ F1n1
yn—L-
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Problem

Summary:
When Xi,..., X, are i.i.d normally distributed with mean p and
variance 2, we have the following results:

©® X ~ N(u,0%/n);
@ (n—1)5?/0” ~ X7 _y;
©® X and S? are independent;

o ﬁ()_éiu) ~ th—1;
(5] n(Xsi_“)Q ~ F1n-1.
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Summary:
When Xi,..., X, are i.i.d normally distributed with mean p and
variance 2, we have the following results:

©® X ~ N(u,0%/n);
@ (n—1)5?/0” ~ X7 _y;
©® X and S? are independent;

o ﬁ()_éiu) ~ th—1;
(5] n(Xsi_“)Q ~ F1n-1.

We will come back to other properties of these distributions time
by time.
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Homework for this session

Part of HW 2:
e Section 6.4 page 320 48, 50
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